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ABSTRACT
In this work, a general mathematical models for flexoelectric heterogeneous equilibrium
boundary value problems are considered. A methodology to find the local problems
and the effective properties of flexoelectric composites with generalized periodicity is
presented, using a two-scales asymptotic homogenization method. The model of the
homogenized boundary values problem is presented. A procedure to solve the local
problems of stratified multilayered composites with wavy geometry with perfect contact
at the interface is proposed. Further, a study of a multilayered piezoelectric compos-
ite with imperfect contact at the interface and the influence of the flexoelectric con-
stituents in the behavior of heterogeneous structures are investigated. Consequently,
simple closed-form formulas for the effective stiffness, piezoelectric, dielectric, and flex-
oelectric tensors are obtained, based on the solutions of local problems of stratified
multilayered composites with perfect contact at the interface. These formulas pro-
vide information for the understanding of the symmetry of the homogenized structure.
The piezoelectric limit case for rectangular bi-laminated composites is validated. As a
numerical example, a bilaminate composite with layers perpendicular to the z-axis is
studied. The known results in the literature are used to analyze some numerical cases
of piezoelectric composites with non-uniform imperfect contact at the interface (frac-
tures modes) and laminate composites with fibrous reinforcement. Finally, flexoelectric
stratified composites with generalized periodicity are studied and discussed.
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composite computed using the methodology described in Section
4.1, FEM and the results reported in [42] and [33] . . . . . . . . . 43
5.2 Materials properties of barium titanate (BaTiO3), strontium ti-
tanate (SrTiO3), PVDF, non-piezoelectric Polymer and PZT-7A
are given. C, e, κ and µ denote the elastic, piezoelectric, dielectric
and flexoelectric tensors, respectively. The materials with µ = 0 are
called non-flexoelectric (PVDF, Polymer, PZT-7A) . . . . . . . . . 44
5.3 Physical properties of BaTiO3 and GaAs. The parameters Cij, eij,
κij/κ0 and µij are the constituents of the stiffness (GPa), piezoelec-
tric (C/m2), relative permittivity and flexoelectric (nC/m) tensors,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.4 Effective coefficients (EC) of a flexoelectric multilayered structure,
with cubic symmetric constituents BaTiO3 and GaAs, as a function
of V1, the volume fraction of BaTiO3. . . . . . . . . . . . . . . . . 50
5.5 Material properties of the composite constituents PZT-7A and Epoxy.
The elastic properties, piezoelectric constants and permittivity are
given in GPa, C/m2, nF/m, respectively. . . . . . . . . . . . . . . 52
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CHAPTER 1: INTRODUCTION
Piezoelectricity is defined mathematically through a linear dependence between the
electric polarization and the mechanical strain, assuming homogeneous strain condi-
tions, [40]. It is well known that only non-centrosymmetric crystal structures exhibit
a piezoelectric behavior, [30]. However, the flexoelectric effect describes the coupling
between the electric polarization and the gradient of the mechanical strain, [39], [11].
Therefore in flexoelectricity, the polarization is related not only with the strain, but
also with its gradient, and because of the dependence upon the gradient of strain, it
occurs in any dielectric material, [52], [25], [14].
Piezoelectric materials have a wide application in the area of medicine, engineering, ar-
chitecture, the transport industry, etc. The constant search for increasingly lightweight
but resistant structures, better energy harvesters, the development of sensors with a
better range, among many other things, has brought an increase in the study of piezo-
electric materials, [56], [57]. Several authors have highlighted the use of piezoelectric
sensors and their application for structural health monitoring, [53], [59].
Flexoelectricity was first theoretically predicted in the 1950’s and described from a phe-
nomenological standpoint in the 1960’s, see [12]. It has been observed in several systems
such as isotropic elastomers, liquid crystal, and crystal plates [29]. The flexoelectric
phenomenon in biological materials such as bones and bio-membranes [37], [28], has
been studied by many authors, due to the applications in biomaterials engineering. For
example, the flexoelectric behavior of the bones is essential for bone’s self-repair and
remodeling properties [51]. According to the authors, the flexoelectricity has a central
role in the crack-healing process of the bones. On the other hand, the flexoelectric ma-
terials like BaTiO3 have been used to fabricate nanogenerators that harvest energy from
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light, mechanical vibration and heat more efficiently [31]. In [47], other applications of
flexoelectricity are presented, like the use of flexoelectric materials in the fabrication of
nano-sized devices for sensors and actuators.
For all the above, it is necessary to present a physical-mathematical models to under-
stand and predict the average behavior of structures with flexoelectric constituents, [46].
Few methods have been developed to determine electromechanical properties in com-
posites whose constituents are flexoelectric media. Recently, one of the most studied
problems is the equilibrium equation in heterogeneous structures, [22], [41], [55].
In [43], the author studies the problem of the equilibrium equation on elastic composite.
For this, the two-scales asymptotic homogenization method (AHM) described in [1], [9]
is used to derive an expression of the effective elastic properties in elastic heterogeneous
structures On the other hand, in [50] this methodology is extended to the case of
composite with a generalized periodicity, i.e. the effective properties of the media
depend not only on the mechanical properties of the constituents of the structure but
also on its geometry. The homogenization method has proven to be an efficient tool to
determine effective properties considering different electromechanical properties of the
constituents. In [42], [15], [6], the authors offer a detailed description of the steps to find
effective properties of elastic/piezoelectric rectangular composites applying AHM. In [8]
[34], a mathematical model was developed to study the effective properties of elastic
and piezoelectric composite materials using the two-scales asymptotic homogenization
method (AHM) and finite elements method (FEM) considering different fracture modes
at the interface.
The main objectives proposed in this work are
• Present a methodology to obtain the effective properties of flexoelectric media
2
with generalized periodicity.
• Obtain expressions of the effective coefficients in terms of the constituents and
the geometry of the materials.
• Present an algorithm to solve the local problems that derive from the homoge-
nization process in the case of stratified media.
• Present numerical examples that illustrate the appearance of flexoelectricity in
centrosymmetric piezocomposites.
• Study the influence of geometry and contact between constituents on the effective
properties of composite.
Therefore, the work has been appropriately distributed for a better understanding of
the results. In chapter 2 the equilibrium problem for heterogeneous flexoelectric me-
dia with generalized periodicity is deduced. In addition, the constitutive relationships
that relate the elastic tensor and the electric displacement with the strains and the
electric field are shown. Chapter 3 begins with the description of the asymptotic ho-
mogenization method used to determine the homogenization problem of a flexoelectric
composite. In this chapter, the explicit expressions of the local problems and the ef-
fective coefficients for a flexoelectric medium with generalized periodicity are deduced.
The effective coefficients are used to write the homogenized problem. In subsection
3.2, several particular cases of stratified media are given. Also, a methodology to solve
some of the local problems is provided. Among these cases, we have laminated struc-
ture, one-dimensional flexoelectric composite, and piezocomposite as a particular case
of a flexoelectric medium. Finally, in Chapter 4, numerical examples are presented to
compare and illustrate the results reported in Chapter 3. Among the examples, we have
the case of elastic and piezoelectric media to compare with the results presented in the
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literature. An example of a flexoelectric medium with perfect contact and generalized
periodicity is given to illustrate the influence of geometry on effective properties.
Most relevant research results
• The mathematical framework that describes the equilibrium equation of a het-
erogeneous flexoelectric medium with generalized periodicity was presented. This
result constitutes a generalization of the equilibrium problem described in [41].
• Analytical expressions for local problems and effective coefficients of flexoelectric
structures were obtained. In this way, the results presented in [50], [20] are
extended.
• A methodology was described to solve local problems of piezoelectric and flexo-
electric stratified media.
• Closed formulas were obtained to calculate the effective properties of flexoelectric
media with cubic symmetry. Generalizing the results of [6] for piezoelectric media.
• The influence of geometry, polarization, and crystalline symmetry on the effective
properties of materials was illustrated from numerical results. In addition, the
influence of the non-uniform imperfect contact between the constituents in the
effective coefficients is shown.
Some of the results presented in this work have been published or presented at events.
Others are in a development stage as partial results of other articles.
[23] Guinovart-Sanjuán, D., Vajravelu, K., Rodríguez-Ramos, R., Guinovart-Díaz, R., Sabina,
F. J., and Merodio, J. Simple closed-form expressions for the effective properties of mul-
tilaminated flexoelectric composites. Journal of Engineering Mathematics 127, 1 (2021).
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[22] Guinovart-Sanjuán, D., Vajravelu, K., Rodríguez-Ramos, R., Guinovart-Díaz, R., Bravo-
Castillero, J., Lebon, F., Sabina, F., and Merodio, J. Effective predictions of hetero-
geneous flexoelectric multilayered composite with generalized periodicity. International
Journal of Mechanical Sciences 181 (2020), 105755.
[18] Guinovart-Sanjuán, D., Merodio, J., López-Realpozo, J. C., Vajravelu, K., Rodríguez-
Ramos, R., Guinovart-Díaz, R., Bravo-Castillero, J., and Sabina, F. J. Asymptotic ho-
mogenization applied to flexoelectric rods. Materials 12, 2 (2019).
[21] Guinovart-Sanjuán, D., Vajravelu, K., Rodríguez-Ramos, R., Guinovart-Díaz, R., Bravo-
Castillero, J., Lebon, F., and Sabina, F. Analysis of effective elastic properties for shell
with complex geometrical shapes. Composite Structures 203 (2018), 278 – 285.
[19] Guinovart-Sanjuan, D. Rizzoni, R., Rodríguez-Ramos, R., Guinovart-Diaz, R. Bravo-
Castillero, J., Alfonso-Rodríguez, R., Lebon, F., Dumont, S., Sevostianov, I., and Sabina,
F. J. Behavior of laminated shell composite with imperfect contact between the layers.
Composite Structures, 176 (2017) 539-546.
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CHAPTER 2: BASIC EQUATIONS OF FLEXOELECTRIC
MATERIALS. MATHEMATICAL STATEMENT OF
HETEROGENEOUS PROBLEMS.
In this chapter, the mathematical framework for modeling flexoelectric structure with
generalized periodicity is presented. The constitutive relations for the stress tensor
and the electrical displacement in terms of the strain tensor and the electrical field are
given. An explicit expression for the equilibrium problem with perfect contact between
the constituents of the flexoelectric composite are obtained.
2.1 Flexoelectricity phenomenon
In non-centrosymmetric dielectric crystals a polarization is induced by applying a uni-
form strain on it, all this due to the relative displacements between the centers of the
oppositely charged ions, [46]. This phenomenon is known as piezoelectricity. In this
way, the polarization vector Pi and the strain tensor ϵij are related by the equation,
Pi = eijkϵjk, (2.1)
where eijk is the third-order piezoelectric tensor. In [46] an study of centrosymmetric
dielectric materials is presented, that is, materials for which eijkϵjk = 0. In this work it
is mentioned that even though eijkϵjk = 0, this inversion symmetry can be broken by
applying a non-uniform deformation, i.e. ϵij,k ̸= 0 for some value of k. The contribution
of the strain gradient is known as the flexoelectric effect and can be written in the form
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Pi = eijkϵjk + µijkl∂lϵjk, (2.2)
where ∂k(•) = ∂(•)/∂xk, µijkl is the so-called flexoelectric tensor, which is not zero for
crystals of any symmetry. As a consequence of the above, all dielectric materials are
capable of producing polarization. For this reason, the phenomenon of flexoelectricity
has drawn the attention of the scientific community for several years.
Recently, several articles and works have been published, in which the importance
and applications of flexoelectricity are mentioned. In [51], the authors have quantified
the flexoelectricity of hydroxyapatite and its participation in the electromechanical re-
sponses of bones. In the aforementioned work, it is highlighted that crack-generated
flexoelectricity is theoretically large enough to induce osteocyte apoptosis and thus
initiate the crack-healing process, suggesting a central role of flexoelectricity in bone
repair and remodeling. On the other hand, in [46] the authors obtained exact results
of the flexoelectric response of thin sheets under different mechanical conditions. In
addition, it is mentioned that flexoelectricity allows the tantalizing possibility of cre-
ating manufacturable piezoelectric thin film superlattices without using piezoelectric
materials.
For all these reasons it is important to establish a mathematical framework on flexo-
electric composite.
2.1.1 Gibbs energy function for flexoelectric materials
In this section, the Gibbs energy function for flexoelectric materials is derived. The
main objective is to obtain said function to deduce the constitutive relationships for
flexoelectric media.
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In [36], the author shows the deduction of the Gibbs energy function for electroelastic
media as following
−G = U − Cijklϵijϵkl + EiDi, (2.3)
where Cijkl is the fourth-order elastic tensor, Ei is the electrical field, Di is the electric
displacement and U is the internal energy. For dielectric composite the internal energy








where κij is the permittivity tensor. In [36], it is given that
Di = κijEj + Pi, (2.5)
where Pi is the polarization vector. Substituting, (2.5), (2.4) and (2.2) into (2.3) the
following is derived















The equation (2.6) represents the Gibbs energy function for flexoelectric structures.
Notice that (2.6) coincides with the formula provided in [41] for the Gibbs energy
function.
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2.1.2 Deduction of the constitutive relations of flexoelectric structures from the Gibbs
energy function
Seeing the possibilities offered by the homogenization method to determine effective
properties, it is possible to consider an extension of this methodology for the study
of flexoelectric composite. For this, the equilibrium problem derived from the electric
Gibbs energy density G for flexoelectric materials is studied,
G(ϵij, Ei, ϵjk,l) =
1
2




in which Cijkl is the fourth-order elastic tensor, eikl is the third-order piezoelectric
tensor, κij is the second-order dielectric tensor and µijkl is the fourth-order flexoelectric
tensor. Note that tensor µijkl is combined from the direct and converse flexoelectric
tensors, [41].















where σ̄ij is the classical stress, Di is the electric displacement and σ̃ijk is the higher
order stress. Finally, the constitutive relations are obtained as
σij = σ̄ij − σ̃ijk,k = Cijklϵkl − ekijEk + µlijk∂kEl,
Di = eiklϵkl + µijkl∂lϵjk + κijEj.
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2.2 Equilibrium equation flexoelectric composite with generalized periodicity
Let Ω ⊂ R3 be a three-dimensional open connected bounded domain with an infinitely
smooth boundary ∂Ω. The equilibrium problem on a flexoelectric structure Ω is given
by the equation
∂jσij + fi = 0, in Ω, (2.9)




i , on ∂Ωu, ti = t
0
i , on ∂Ωt, (2.11)
∂juinj = s
0
i , on ∂Ωs, µlijkElninj = r
0
k, on ∂Ωr, (2.12)
ϕ = ϕ0, on ∂Ωϕ, Dini = −τ, on ∂Ωτ , (2.13)
where σ is the general stress tensor; f is the external forces vector; D is the electric
displacement vector; u, u0 are the displacement and prescribed displacement vectors,
respectively; n is the normal vector to the corresponding surface; E is the electric
field vector; t, t0 are the traction and prescribed traction vectors, respectively; s0 is
the prescribed normal derivative of the displacement vector and ϕ, ϕ0, r0, τ are the
electrical potential, the prescribed electrical potential, prescribed higher-order traction
and surface charge, respectively; where ∂Ω ≡ ∂Ωu∪∂Ωt ≡ ∂Ωs∪∂Ωr ≡ ∂Ωϕ∪∂Ωτ and
∅ ≡ ∂Ωu ∩ ∂Ωt ≡ ∂Ωs ∩ ∂Ωr ≡ ∂Ωϕ ∩ ∂Ωτ .
The constitutive relationships between stress σ, electrical displacement D, strain ϵ and
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electrical field E have the following form written by components
σij = Cijklϵkl − ekijEk + µlijk∂kEl, (2.14)
Di = eiklϵkl + µijkl∂lϵjk + κijEj, (2.15)
where C, e, κ and µ denote the stiffness, piezoelectric, permittivity and flexoelectric
tensors, respectively. The matrix representation of the constitutive relations (2.14)-
(2.15) and some explanations about the flexoelectric tensor are reported in A. For small
deformations, the strain ϵ and the electrical field E relate to the displacement tensor




(∂jui + ∂iuj) , Ej = −∂jϕ, (2.16)
The mathematical statement for a flexoelectric media is derived substituting (2.14)-
(2.16) into (2.9)-(2.10) under boundary conditions (2.11)-(2.13).
The mechanical and electrical properties of a curvilinear flexoelectric periodic hetero-
geneous structure, Cε ≡ Cε (x,y) , eε ≡ eε (x,y) , κε ≡ κε (x,y) , and µε ≡ µε (x,y)
are regular functions with respect the variable x = (x1, x2, x3) ∈ R3 and periodic with
respect the variable y = ϱ(x)/ε ∈ Y ⊂ R3, where ϱ(x) = (ϱ1(x), ϱ2(x), ϱ3(x)) is the
surface that describes the geometry, 0 < ε << 1 is a very small parameter that charac-
terizes the heterogeneity of the structure and Y is called the periodic cell.
















Substituting the formulas (2.14)-(2.16) into the equations (2.9)-(2.13), based on the slow
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x variable and rapid y variable, the heterogeneous flexoelectric equilibrium problem
for a composite with perfect contact at the interface, can be written, using the total
























































ϕε,j − κεijϕε,ji = 0, (2.19)
where (•)|s = ∂(•)/∂ys, (•),s = ∂(•)/∂xs, with boundary conditions
uεi = u
0




i , on ∂Ωt, (2.20)
uεi,jnj = s
0






i , on ∂Ωr, (2.21)
ϕε = ϕ0, on ∂Ωϕ, Dεini = −τ, on ∂Ωτ , (2.22)
and continuity conditions at interface
[[uεi ]] = 0, [[ϕ




= 0, on Γ, (2.23)
where Γ is the interface surface between two different components and [[•]] represents
the difference of the function values for different components at the interface. The
equation (2.23) implies that the stress tensor σ, the displacement vector u, the electrical
displacement vector D and the electric potential ϕ are considered continuous functions
at the interface (perfect contact condition).
12
The problem (2.18)-(2.22) for the particular case when ϱi,j = δij, is reported in [41].
On the other hand, the equilibrium problem (2.18)-(2.22) is a generalization of Eq. (6)
and Eq. (7) obtained in [20] for the case of an elastic structure.
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CHAPTER 3: ASYMPTOTIC HOMOGENIZATION
METHOD APPLIED TO FLEXOELECTRIC
HETEROGENEOUS MEDIA
This chapter presents a methodology to determine the homogenized problem associated
with a flexoelectric composite. For this, the asymptotic homogenization method is used.
The deduction of the local problems and the expressions of the effective coefficients are
shown.
3.1 Homogenization on three dimensional flexoelectric composite with generalized
periodicity
The basic idea is to expand the fields in term of the aforementioned small parameter.
Therefore, the asymptotic expansions for the functions σεij, Dεi , uεk and ϕε are given by
uεk(x,y) = u
(0)
k (x) + εu
(1)
k (x,y) + ε
2u
(2)
k (x,y) + ..., (3.1)
ϕε(x,y) = ϕ(0) (x) + εϕ(1) (x,y) + ε2ϕ(2) (x,y) + ..., (3.2)
σεij(x,y) = σ
(0)
ij (x,y) + εσ
(1)
ij (x,y) + ε
2σ
(2)
ij (x,y) + ..., (3.3)
Dεi (x,y) = D
(0)
i (x,y) + εD
(1)
i (x,y) + ε
2D
(2)
i (x,y) + .... (3.4)
The fact that u(0)k and ϕ
(0) depend only on the macrovariable x can be proved by the
same procedure presented in the Introduction of [1], see Eq. (3) to Eq. (5).
From now on, for simplicity the superscript “ε” on the magnitudes is omitted. The
asymptotic expansions (3.1)-(3.2) are substituted into constitutive relationships (2.14)-
14
(2.16), see Appendix B, equations (B.1)-(B.2). In order to avoid singularities when
ε → 0, the coefficients for ε−1 are equated to zero
µlijkϱr,lϱs,kϕ
(1)
|rs = 0, µikjlϱr,lϱs,ju
(1)
k|rs = 0. (3.5)
Consequently, the following recurrent formulas for σ(n)ij and D
(n)
i are derived from



































Equating to zero the contributions of the terms ε−1 and ε0 derived from (B.5)-(B.6),
the following equations are obtained
(ε−1) : ϱk,jσ
(0)
ij|k = 0, ϱk,iD
(0)









i|k = 0. (3.9)
It is known that for the AHM, the first order approximation gives a good approach
for the solution of the heterogeneous equilibrium problem (2.9)-(2.10) and it has an
accuracy of order ε1/2, see Theorem 6.3 in [9] and Chapter 6 in [1]. Hence, the higher
order of ε are neglected. The homogenized equations of a flexoelectric medium can
be obtained applying the average operator ⟨•⟩ = 1/|Y|
∫
Y
(•)dy to the equations (3.9)
and considering the periodicity of σ(1)ij and D
(1)
i with respect the variable y. Thus, the
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homogenized problem takes the form,
σ̂ij,j + fi = 0, (3.10)













. It is known that the solution of the heteroge-
neous equilibrium problem (2.18)-(2.22) approaches to the solution of the homogeneous
problem as ε → 0, using the two-scales asymptotic homogenization method.
To find an expression for σ(0)ij and D
(0)
i , the system of partial differential equations (3.8)
must be solved. Therefore, the expressions of σ(0)ij and D
(0)
i derived from (3.6)-(3.7) for









































Due to the linearity of the system (3.12)-(3.13) and assuming the regularity of the com-
ponents and the smoothness in variation of the coefficients, the following decomposition
of the functions u(n)k and ϕ
(n), n ≥ 1, is considered [1],
u
(n)



















where N(n), Π(n), Ψ(n) and Θ(n) are Y-periodic continuous functions and for their

















Substituting (3.14)-(3.15) into (3.12)-(3.13) (contribution ε−1), we have







,m −Rmnϕ(0),mn = 0, (3.17)
where the coefficients L, P, Q and R involve derivatives with respect to the rapid
variable y of the local functions N(n), Π(n), Ψ(n) and Θ(n). Notice that the coefficients
with higher orders Limnp, Pimn, Qmnp and Rmn are associated with the flexoelectric
tensor µ; on the other hand, the remaining coefficients Limn, Pim, Qmn and Rm are
related to stiffness, piezoelectric and dielectric tensors. See the derivation in A equations
(B.7)-(B.8).
3.1.1 Local Problems
The local function N(n), Π(n), Ψ(n) and Θ(n) are necessary to obtain the expressions of
σ̂ij and D̂i of the homogenized problem (3.10)-(3.11).


















l = 0. (3.19)















m|rs = 0. Moreover, due to the above mentioned linear indepen-
dence, the coefficients of (3.16)-(3.17) are identically zero.




m , Θ(2)mn, Π(1)kl , Π
(2)
lmk are the solutions of
the following local problems
Limnp ≡
(















































































and satisfy the continuity conditions at the interface given in (B.12)-(B.21).
Solving the LQ (3.20)-(3.23) and PR (3.24)-(3.27) systems, the local functions are ob-
tained. As a particular case, the LQ and PR problems for one-dimensional flexoelectric
rod are deduced in [18] (Eq.(13)-Eq.(20)).
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3.1.2 Effective coefficients and homogenized problem
Finally, the expressions of the effective stress σ̂ij and the effective electric displacement







































































The expression (3.30) is known as the effective stiffness tensor. The equations (3.33)
represent the effective piezoelectric tensor. In addition, (3.35) is called the permittivity
tensor and finally (3.31) and (3.32) denote the effective flexoelectric tensor.
The equality of the equations of the piezoelectric tensor (3.33) is obtained by the solu-
tion of the LQ problems (3.21), (3.23) and the PR problems (3.25), (3.27), see Lemma
4.4 of [7].
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Substituting the equations (3.28)-(3.29) into (3.10)-(3.11), the homogenized problem



























i , on ∂Ωu, t̂i = t
0
i , on ∂Ωt, (3.38)
u
(0)
i,j nj = s
0
i , on ∂Ωs, µ̂lijkÊlninj = r
0
i , on ∂Ωr, (3.39)
ϕ(0) = ϕ0, on ∂Ωϕ, D̂ini = −τ, on ∂Ωτ , (3.40)
where t̂i, Êl, D̂i are the effective traction, effective electric field and effective electrical
displacement respectively.
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CHAPTER 4: HOMOGENIZATION OF PARTICULAR
CASES HETEROGENEOUS FLEXOELECTRIC COMPOSITE
In this chapter, the methodology described in Chapter 3 is used to derive the effective
properties of particular cases of flexoelectric structures. Also, a strategy to solve the
local problem for a one-dimensional flexoelectric rod and an stratified multilayered
composite is given. Finally, a piezocomposite with generalized periodicity is studied as
a particular case of a flexoelectric media. Expressions for the local problems and the
effective coefficients with imperfect contact at the interface are deduced following the
methodology given in Chapter 3.
4.1 One-dimensional flexoelectric rod
In this section, a one-dimensional flexoelectric composite rod Ω = [0, 1] is considered,
see Figure 4.1. The material parameters C, e, κ, µ are rapidly oscillating periodic




























































































(0) = w0, ϕ(0) = φ0, (4.3)
σ(1) = S1, µ(1)
dE
dx
(1) = −r1, D(1) = −τ1, (4.4)
To derive the expression of the homogenized system the two scales asymptotic homog-
enization method (AHM) is used. In [42], the asymptotic expansion to the solution of
the piezoelectric problem is reported as



























where v0(x) and ϕ0(x) only depend on the global variable x and the functions Nk, Πk,
Ψk and Θk are ε−periodic continuous functions that only depend on the local variable
y, i.e. Nk(y+ε) = Nk(y), Πk(y+ε) = Πk(y), Ψk(y+ε) = Ψk(y) and Θk(y+ε) = Θk(y).
Substituting the (4.5)-(4.6) into (4.1)-(4.2), the one-dimensional (LQ) and (PR) prob-







































































































































































In a similar way to the more general cases, the effective coefficients depend on the local
functions, more precisely they depend on the derivatives of these functions. Therefore,
to obtain the effective coefficients it is necessary to solve the local problems. A solution
method for the one-dimensional case appears in the appendix.































(0) = w0, ϕ0(0) = φ0, (4.21)
σ0(1) = S1, µ̂(1)
E0
dx
(1) = r1, D0(1) = −τ1, (4.22)
where σ0, E0 and D0 are the effective stress, effective electric field and effective electrical
displacement, respectively.
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4.1.1 One dimensional flexoelectric rod. Solution method of the local problems
To obey conditions (4.7)-(4.14), the LQ and PR systems need to be solved. More




















need to be obtained.
The systems of local problems is solved using ideas described in [50]. Here we summarize
the methodology. Let us focus on the LQ system. Integrating equations (4.7) and (4.9)






























To find expressions for λα in terms of the materials parameters C, e, κ and µ, one needs







where VY = |Y |. From the periodicity of N1 and Ψ1 and taking the average operator in





















λ3 = 0. (4.27)
It follows that λ1 and λ3 are solutions of the system (4.26)-(4.27). Considering C, e,





















































where ∆ = e2 + Cκ and λi, i = 1, 2, 3, 4, satisfy the system of equations

⟨κ/∆⟩ 0 ⟨e/∆⟩ 0
−2⟨κ/∆⟩ 0 −2⟨e/∆⟩ ⟨1/µ⟩
⟨e/∆⟩ 0 −⟨C/∆⟩ 0

























































λ6 + 1, (4.36)
where ∆ = e2 + Cκ and λi for i = 5, 6, 7, 8, satisfy the following system of equations

⟨κ/∆⟩ 0 −⟨e/∆⟩ 0
−2⟨κ/∆⟩ 0 2⟨e/∆⟩ ⟨1/µ⟩
⟨e/∆⟩ 0 ⟨C/∆⟩ 0
















4.2 Stratified flexoelectric composite. Solution method of the local problem
As a particular example of the given methodology, a stratified composite is considered,
i.e. the case of a function ϱ : R3 → R [50]; then, the local variable y ∈ R. In Figure
4.2 b, a bi-materials multilayered flexoelectric composite with generalized periodicity
is shown. The geometry of the periodic cell Y is described by the function ϱ(x) =
x3 − sin (2πx2ε). The small parameter ε characterizes the periodicity of the layers.
The variable y = ϱ(x)/ε has a wavy behavior due to the presence of ϱ(x). In the
example shown in Figure 4.2, the wavy is changing along y2, the layers are transversal
to the y3 axis, while the properties are constant along the y1 axis. On the other hand,






































Figure 4.2: Flexoelectric multilayered composite: a) rectangular geometry at the peri-
odic cell and b) with complex geometrical shape microstructure.
Also, a methodology to solve the local problems (3.20)-(3.27) for a stratified composite
is presented.
From the expressions (3.30)-(3.35), the functions N (1)mnk, Ψ
(1)
mn, Θ(1)m , Π(1)mk are not nec-
essary for finding the effective coefficients; only the derivatives are sufficient to get
(3.30)-(3.35). For that reason, the systems of partial differential equations LQ and PR
can be reduced. Following this idea, a methodology described in [50] is extended for
the case of stratified flexoelectric composites.
























































For every value of m,n = 1, 2, 3, the systems (4.38)-(4.39) are 4 × 4 systems. Taking
into account that the average of the local functions is zero, the solution of the LQ
problems (4.38)-(4.39) satisfies the system
















































































where ⟨•⟩ denotes the average operator. This methodology is described in [50] for the
case of wavy-laminated elastic composite materials. Similarly, the rest of the LQ and
PR problems can be solved.
4.3 Non-wavy multilaminated flexoelectric composite with cubic symmetric
constituents
In this section, a multilayered composite with cubic symmetric constituents, where the
layers are orthogonal to the axis Ox3 is studied, Figure 4.3. The coefficients C, e, κ
and µ of the equilibrium problem (2.18)-(2.19) are considered functions of the variable
y = x3/ε ∈ Y, i.e. ϱ(x) = x3.
For the cubic symmetric structure, the stiffness, piezoelectric, dielectric and flexoeelctric
tensors has the following matrix representation
C6×6 =

C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0
0 0 0 C66 0 0
0 0 0 0 C66 0





















µ11 0 0 0 µ15 0 0 0 µ15
µ15 0 0 0 µ11 0 0 0 µ15
µ15 0 0 0 µ15 0 0 0 µ11
0 0 0 0 0 µ46 0 µ46 0
0 0 µ46 0 0 0 µ46 0 0
0 µ46 0 µ46 0 0 0 0 0

.
The matrix form of the tensors C, e and κ can be found in [45]. On the other hand,
the matrix forms of µ given by µ6×9 and µ3×18 are explained in [48]. The matrix µ3×18
can be written in terms of the columns of the matrix µ6×9, see Appendix A. The matrix
representation of the constitutive relations (3.28)-(3.29) and some explanations about
the flexoelectric tensor are reported in Appendix A.
Furthermore, the local problems (3.20)-(3.23) (LQ−systems) and (3.24)-(3.27) (PR−














































Figure 4.3: (a) Multilayered rectangular periodic composite and cubic crystal symmetry
constituents. (b) The bilaminated periodic unit cell which shows the volume fractions









































































































































































Replacing the solutions of the local problems (4.41)-(4.45) into the effective coefficients
(3.30)-(3.35), the analytical formulas of the effective properties for a laminated flexo-
electric composites with cubic crystal symmetry are derived and we obtain the following
closed formulas:
Effective elastic tensor’s components

































































Effective piezoelectric tensor’s components

















Effective dielectric tensor’s components





















Effective flexoelectric tensor’s components

























〉−1 − 〈µ−111 〉−1,







〉−1 − ⟨∆3⟩ ,


















































2µ̂48 = 2µ̂57 =
〈

















































〉−1 − 1) .
The formulas (4.46) coincide with the formula (1.22) page 149 of [43], considering an
elastic composite with cubic constituents. The formulas (4.46)-(4.48) match with Eq.
(35)- Eq. (37) of [6], for a piezocomposite with cubic symmetry. They are analytical
formulas of easy numerical implementation.
From the expressions of the effective coefficients (4.46)-(4.49), the homogenized com-
posite with cubic symmetric components has tetragonal symmetry 4̄2m; with 6 linearly
independent elastic, 2 piezoelectric, 2 dielectric and 8 flexoelectric components, [45],
[48]. The effective elastic, piezoelectric and dielectric constants are independent from
the flexoelectric tensor, [22].
4.4 Homogenization applied to piezocomposite with imperfect contact conditions
A piezoelectric composite can be considered a particular case of flexoelectric structures.
For a piezoelectric medium, higher-order effects are ignored and the Gibbs function is
written as
G (ϵij, Ei) =
1
2





Therefore constitutive laws (2.14)-(2.15) take the form
σij = Cijklϵkl − ekijEk, (4.51)
Di = eiklϵkl + κijEj. (4.52)
As a consequence of equations (4.51) - (4.52), the system (2.18) - (2.22) for a piezoelec-









ekij |l + ekij ,j
)










κij |s + κij ,i
)





i on Σu, σijnj = S
0
i on Σt, (4.55)
ϕ = ϕ0, on Σϕ, Dini = −τ0, on Στ , . (4.56)
For the example that is studied in this section of peizoelectric composite, an imperfect
contact between the constituents of the structure is considered. Therefore, the conti-
nuity conditions of equation (2.23) are modified to the spring type imperfect contact
36
conditions.
σijnj = Kij [[uj]] , [[σij]]nj = 0, on Γ, (4.57)
Dini = M [[ϕ]] , [[Di]]ni = 0, on Γ, (4.58)
where Kij is the spring stiffness diagonal matrix that characterize the mechanical im-
perfection with dimension N/m3. The electrical imperfect interface is considered a
distribution of electric capacitors of capacitance M which is the capacitance of electric
elements along the interface, with dimension C2/m3N . The imperfect interface me-
chanical behavior would represent an idealization of a layer of three mechanical springs
with constants of zero thickness, [44]. When Kij = 0 and M = 0, the two materials are
fully debonded, and when Kij → ∞ and M → ∞, the interface is perfectly bonded,
a.k.a. perfect contact conditions, [60].
Under the hypotheses of Theorem 6.1 of [9], the solution of problem (4.53)-(4.58) con-
verges weakly to the solution of a problem whose coefficients are not rapidly oscillating,
known as the homogenized problem. To find the expression of the homogenized prob-
lem, an asymptotic expansion of the solutions u and ϕ are proposed as (3.1) and (3.2),
respectively. Substituting, the separation of variable (3.14)-(3.15) into equation (3.1)
and (3.2), the following is expansions are obtained
ui(x,y) = u
(0)


























The local functions Nkli, Πil, Ψkl and Θl are periodic with respect to the micro-variable
y, and the average of the functions ⟨Nkli⟩, ⟨Πil⟩, ⟨Ψkl⟩ and ⟨Θl⟩ is proportional to the
jump of the functions at the interface, [[•]].
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Following the steps described in Section 3.1, the local problems (3.20)-(3.27) for a piezo-
electric composite are simplified to the following system of partial differential equations
(
ϱt,jCijmn + ϱr,lCijklϱt,jNmnk|r + ϱt,jekijϱr,kΨmn|r
)
|t = 0, (4.61)(
ϱt,jejmn + ϱt,jejklϱr,lNmnk|r − ϱt,jκjkϱr,kΨmn|r
)
|t = 0, (4.62)(
ϱt,jemij + ekijϱr,kΘm|rϱt,j + ϱt,jCijklϱr,lΠmk|r
)
|t = 0, (4.63)(
ϱt,jejklϱr,lΠmk|r − ϱt,jκjm − ϱt,jκjkϱr,kΘm|r
)
|t = 0. (4.64)
On the other hand, when substituting the expansions (4.59)-(4.60) in the interface
conditions (4.57)-(4.58), and following the same methodology, the interface conditions
for the local functions are obtained
(
Cijmn + ϱr,lCijklNmnk|r + ekijϱr,kΨmn|r
)
nj = Kij [[Nmnj]] , (4.65)(
ejmn + ejklϱr,lNmnk|r − κjkϱr,kΨmn|r
)
nj = Kmj [[Ψnj]] , (4.66)(
emij + ekijϱr,kΘm|r + Cijklϱr,lΠmk|r
)
nj = M [[Πmi]] , (4.67)(
ejklϱr,lΠmk|r − κjm − κjkϱr,kΘm|r
)
nj = M [[Θm]] . (4.68)
Replacing (4.59)-(4.60) into the equilibrium equations (4.53)-(4.54), applying the aver-
age operator ⟨·⟩ for the variable y to the coefficient of ε0, the homogenized problem for










i on Σu, σ̂ijnj = S
0
i on Σt, (4.70)
φ = ϕ0, on Σϕ, D̂ini = −τ0, on Στ . (4.71)
where σ̂ij, D̂i are the effective stress and effective electrical displacement respectively.



















κmn + κnkϱr,kΘm|r − enklϱr,lΠmk|r
〉
. (4.74)
Note the coefficients (4.72)-(4.74) match with the formulas (3.30)-(3.35) when the flex-
oelectric tensor µ is omitted.
4.4.1 Solution method of the local problems piezocomposite with imperfect contact
In this section, the system (4.61)-(4.62) is solved with the respective interface condi-
tions (4.65)-(4.66) considering a stratified composite, [50]. Before proceeding with the
solution method for the local problem we must highlight two aspects. Firstly, the sys-
tem of equations (4.61)-(4.68), satisfies the conditions of the Theorem 1, p. 346 of [1],
that guarantees the existence of the solution. Second, as it can be appreciated from
the formulas (4.72)-(4.74), to determine the effective coefficients it is not necessary to
find the local functions, it is enough to determine the partial derivatives with respect
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to the fast variable y.
Now, for stratified structures, the function ϱ : R3 → R and the normal vector at
the interface nj = ϱ,j/∥∇ϱ∥. Integrating the equations (4.61)-(4.62) with respect the

































































where i, k = 1, 2, 3, therefore the system can be written as follow

A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A13 A34
















To simplify the notation, (4.77) is rewritten as A∇yN = λ−b. Under certain conditions
for existence and uniqueness of the solutions for the system (4.61)-(4.68), the vector
∇yN = A−1 (λ − b). Applying the average operator, the following is derived ⟨∇yN⟩ =
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(N (γV − h)−N (0) +N (V )−N (γV + h)) ,
(4.78)
where γ denotes interface surface and V the length of the periodic cell. From the





From the condition that nj = ϱ,j/∥∇ϱ∥, the equations (4.65)− (4.66) can be written as
λ
∥∇ϱ∥
= K [[N]] ,
where K is the diagonal matrix
K =

K11 0 0 0
0 K22 0 0
0 0 K33 0
0 0 0 M

.













Finally, substituting the solution of (4.79) into the system (4.77), the local functions
vector ∇N can be computed for every value of m,n = 1, 2, 3.
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CHAPTER 5: NUMERICAL RESULTS
Finally, this chapter illustrates numerical examples applying the methodology described
above. Numerical examples are presented to validate the results obtained with data
reported in the literature. On the other hand, the influence of the flexoelectric compo-
nents and the geometry of the composite in the behavior of the effective properties is
illustrated.
5.1 One dimensional piezoelectric rod
To validate the model our goal is to reproduce the results of the one-dimensional piezo-
electric composite analyzed in [33]. The constituents of this one-dimensional piezoelec-
tric structure are lead zirconate titanate (PZT) C-91 and P-82. The materials properties
are given in Table 1 of [33].
For this particular case, the flexoelectric coefficient µ associated with the components
of the structure is considered zero. Therefore, the equilibrium problem (4.1)-(4.4) takes
the expression (1)-(2) of [33]. Using the asymptotic expansion (4.5)-(4.6) and following
the methodology described in the previous section, the non-vanishing local problems
are (4.7), (4.9), (4.12) and (4.14), which corresponds with equations (23)-(24) in [33].
Finally, the expressions of the effective coefficients for this piezoelectric composite are
given by equations (4.15), (4.16) and (4.17).
In Table 5.1, the values reported for the effective coefficients Ĉ, ê, κ̂ of this piezoelec-
tric composite considered in [42] and [33] are compared with results obtained using the
present model (Section 4.1) and results obtained using FEM (solving the variational
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Table 5.1: Comparison of the effective coefficients Ĉ, ê, κ̂ for a piezoelectric composite
computed using the methodology described in Section 4.1, FEM and the results reported
in [42] and [33]
Effective Coefficient Ĉ (109N/m2)
V1 Present Model FEM Ref. [33] Ref. [42]
0.0 118.300 118.300 118.299 118.300
0.4 116.953 116.953 116.952 116.953
0.8 115.401 115.401 115.400 115.401
1.0 114.500 114.500 114.499 114.500
Effective Coefficient ê (C/m2)
0.0 26.400 26.400 26.399 26.400
0.4 24.806 24.806 24.805 24.806
0.8 22.634 22.863 22.633 22.634
1.0 21.200 21.200 21.199 21.200
Effective Coefficient κ̂ (10−10F/m)
0.0 110.900 110.900 110.899 110.900
0.4 148.056 148.056 148.054 148.056
0.8 200.835 200.836 200.832 200.835
1.0 236.600 236.600 236.595 236.600
formulation of the LQ and PR systems). The volume fraction of C-91, for the numerical
calculation, is considered to be V1 ∈(0, 0.4, 0.8, 1). To avoid singularities of solutions of
LQ and PR systems, the value of flexoelectric property for the piezoelectric composites
is taken as µ = 10−20. Suffice to say that results reported in[42] and [33] are reproduced
using both AHM (present model) and FEM (variational formulation) methods. There-
fore, piezoelectric composite results are obtained as a particular case of the flexoelectric
composite formulation developed in Section 4.1.
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Table 5.2: Materials properties of barium titanate (BaTiO3), strontium titanate
(SrTiO3), PVDF, non-piezoelectric Polymer and PZT-7A are given. C, e, κ and µ
denote the elastic, piezoelectric, dielectric and flexoelectric tensors, respectively. The
materials with µ = 0 are called non-flexoelectric (PVDF, Polymer, PZT-7A)
Materials C (109N/m2) e (C/m2) κ (10−10F/m) µ(10−4C/m)
BaTiO3 162 [54] 17.36 [10] 4000 [54] 5 [54]
SrTiO3 350 [54] 8.82 [13] 300 [54] 1 [54]
PVDF 2.7 [24] 30 [26] 10 [26] 0
Polymer 3.86 [3] 0 [3] 0.7965 [3] 0
PZT-7A 131.4 [4] 9.522[4] 0.372[4] 0
5.2 Influence of the flexoelectric property on the effective coefficients of a one
dimensional rod
In this section, the influence of the flexoelectric property on the effective coefficients
is studied. A bi-material one-dimensional composite is considered. In Table 5.2, the
properties of flexoelectric materials barium titanate (BaTiO3) and strontium titanate
(SrTiO3), active piezoelectric materials polyvinylidene fluoride (PVDF) and PZT-7A
and soft non-piezoelectric Polymer are shown. To illustrate the effective coefficients
of flexoelectric/piezoelectric structures several combinations of flexoelectric composite
with others well known piezoelectric materials are considered.
In Figure 5.1, the influence of the flexoelectricity in combination with an active polymer
PVDF which has piezoelectric properties on the effective characteristics is studied using
three composites. The first composite is made by the flexoelectric material BaTiO3
and the piezoelectric active polymer PVDF; the second one is the composition of the
flexoelectric composite SrTiO3 and PVDF; the materials of the third composite are
the piezoelectric constituents PZT-7A and PVDF (see [4]). With the values given in
Table 5.2 and the methodology described in Section 4.1 the effective coefficients for each
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composite is obtained. Figure 5.1 illustrates the behavior of the effective coefficients
for different volumes fraction of the composites. The effective coefficient Ĉ keeps an
increasing behavior for the three combinations of materials. In addition, as it is shown
in the figure, the influence of the flexoelectric materials on the piezoelectric and the
dielectric effective coefficients is remarkable. For both BaTiO3-PVDF and SrTiO3-
PVDF, the piezoelectric effective coefficient ê increases until V1 = 0.9 and V1 = 0.8,
respectively, from which the property decays. On the other hand, for PZT-PVDF, the
piezoelectric effective tensor decreases for all values of V1. Similarly to Ĉ, the dielectric
effective coefficient κ̂ increases with the volume fraction for the three combinations of
materials although for the composites formed by a flexoelectric material this property
is greater than for the PZT-PVDF composite. The effective flexoelectric coefficient µ̂
varies only for the composites with a flexoelectric component (either BaTiO3 or SrTiO3).
To study the influence of non-flexoelectric and non-piezoelectric constituents in the ef-
fective properties for composites with a flexoelectric component three structures are
studied. One of the structures is the combination of flexoelectric materials BaTiO3 and
SrTiO3; the constituents for the second structure are SrTiO3 and a non-piezoelectric
polymer; the last structure is made by strontium titanate (SrTiO3 ) and a piezoelec-
tric material PZT-7A. In Figure 5.2, the effective properties of these three composites
for different volume fractions are shown. An important detail to highlight is that for
all the effective properties in Figure 5.2 the values of the effective coefficients of the
SrTiO3-Polymer are lower than the values of the effective coefficients of the other two
combinations. The non-piezoelectric polymer properties diminish the values of the com-
posite effective coefficients, compared with the other composites. On the other hand,
the combination of the two flexoelectric materials reinforce the values of Ĉ, ê, κ̂ and
µ̂, compared with the composite made of the non-piezoelectric polymer. It is shown
in Figure 5.2 that the effective piezoelectric property ê is almost zero for the combi-
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nation of SrTiO3 with a non-piezoelectric polymer. Similar situation is shown for the
flexoelectric parameter, i.e. ê remains close to zero for the composites that involve a
non-flexoelectric component (either SrTiO3-Polymer or SrTiO3-PZT). Therefore, it can
be concluded that for composites made of flexoelectric material with non-flexoelectric
material the global behavior of the effective coefficients of the structure is similar to
a non-flexoelectric material. A parallel situation occurs when considering the compo-
sition of a piezoelectric with a non-piezoelectric structure as it is illustrated in Figure
5.2. Whence, for composites made of a piezoelectric material with a non-piezoelectric
material the global behavior of the effective coefficients of the structure is similar to a
non-piezoelectric material.









is shown in equations (4.15)-(4.17). From equations (4.23), (4.24), (4.33),
(4.35) and the solutions of the systems (4.32), (4.37) the non-influence of the µ param-
eter in the local functions is derived. Therefore, the effective coefficients Ĉ, ê and κ̂ are
not affected by the flexoelectric component in the case of non-flexoelectric materials.
From the homogenized problem (4.19)-(4.22) it can be followed that the influence of the
effective flexoelectric component in the effective stress and electric displacement cannot
be underestimated.
The investigation of the flexoelectric effect goes beyond the theoretical analysis of the
materials properties to include real measurements [35]. Recent papers have established
detailed descriptions of their experiments to determine the flexoelectric properties of
PVDF. More precisely, [32] and [58] describe experiments to find the effective flexo-
electric components µ1123 and µ2312 of the fourth order tensor µijkl for polyvinylidene
fluoride. On account of the great difficulty in obtaining some experimental measure-
ments, the relationship between the strain gradient and torque is deduced theoretically
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Figure 5.1: Values of different effective coefficients for three composites i) flexoelectric
material BaTiO3 and the piezoelectric active polymer PVDF, ii) composition of the
flexoelectric composite SrTiO3 and PVDF and iii) the piezoelectric constituents PZT-
7A and PVDF vs values of volume fraction.
and further verified with finite element analysis. The approach is applied to test re-
sponses in bars machined from bulk polyvinylidene fluoride, [58]. On the other hand, in
[2], the flexoelectricity of prototypical semicrystalline polymer, α−phase PVDF, films
are investigated. The paper presents a step-by-step description of the experiment high-
lighting the direct flexoelectric effect in the α-phase PVDF films.
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Figure 5.2: Values of different effective coefficient of three composites made by the
combination of two flexoelectric material SrTiO3-BaTiO3, a non-piezoelectric polymer
with SrTiO3 and piezoelectric PZT-7A with a flexoelectric material SrTiO3 vs values
of volume fraction.
5.3 Bilaminate flexoelectric rectangular composite with cubic symmetric constituents
In this section, a two layers laminate composite with cubic crystal symmetry con-
stituents is studied, where the layers are perpendicular to the axis Ox3, see Figure 4.3.
In this case, the average operator is ⟨·⟩ = V1(·)(1)+V2(·)(2). The constituents are Barium
Titanate (BaTiO3) and Gallium Arsenide (GaAs). The materials properties are given
in Table 5.3.
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Table 5.3: Physical properties of BaTiO3 and GaAs. The parameters Cij, eij, κij/κ0 and
µij are the constituents of the stiffness (GPa), piezoelectric (C/m2), relative permittivity
and flexoelectric (nC/m) tensors, respectively.
The formulas (4.46)-(4.49) are used to generate the values of the effective coefficients
listed in Table 5.4 considering different volume fractions. Firstly, notice that for V1 ̸= 0
or V1 ̸= 1 (heterogeneous media), the homogenized structure presents a tetragonal
sysmmetry 4̄2m as it was mentioned in subsection 4.3. All the elastic, the piezoelectric
ê14, and the relative permittivity κ̂11/κ0, κ̂33/κ0 effective properties are increasing as the
volume fraction of BaTiO3 growths, however κ̂33/κ0 shows a decrease when the volume
fraction is close to 1. On the other hand, ê36 remains almost constant throughout the
range of volume fraction and augments for values close to 1. The effective flexoelectric
constants µ̂11, µ̂15, µ̂31, µ̂19, µ̂39, µ̂62 have a monotonic behavior when the volume
fraction of BaTiO3 increases. However, the coefficients µ̂46 and µ̂48 show a sinusoidal
behavior when the volume fraction is between [0,1].
5.4 Wavy piezocomposite with constant imperfect contact
In this section a piezoelectric wavy laminate composite is studied. The structure is
periodically distributed along x3. The function ϱ(x1, x3) = x3 +H sin(2πx1) described
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EC V1 = 0 V1 = 0.25 V1 = 0.5 V1 = 0.75 V1 = 1
Ĉ11 118.80 176.26 234.50 294.32 358.10
Ĉ12 53.80 66.78 80.55 95.89 115.20
Ĉ13 53.80 59.91 69.10 84.43 115.20
Ĉ33 118.80 142.63 178.41 238.17 358.10
Ĉ55 59.40 69.95 85.07 108.51 149.80
Ĉ66 59.40 82.00 104.60 127.20 149.80
ê14 -0.16 -0.14 -0.11 -0.07 0.00
ê36 -0.16 -0.159 -0.158 -0.156 0.00
κ̂11/κ0 10.99 360.24 709.49 1058.75 1408.00
κ̂33/κ0 10.99 705.87 1397.18 2074.54 1408.00
µ̂11 0.51 0.49 0.46 0.39 0.15
µ̂15 -0.84 -1.04 -1.40 -2.20 -5.46
µ̂31 -0.84 -1.47 -2.09 -2.87 -5.46
µ̂19 -0.84 -2.92 -3.78 -4.44 -5.46
µ̂39 0.51 0.32 0.23 0.18 0.15
µ̂46 0.26 1.33 1.85 2.06 1.90
µ̂48 0.26 0.12 0.10 0.38 1.90
µ̂62 0.26 0.34 0.46 0.74 1.90
Table 5.4: Effective coefficients (EC) of a flexoelectric multilayered structure, with cubic
symmetric constituents BaTiO3 and GaAs, as a function of V1, the volume fraction of
BaTiO3.
the geometry of microstructure, where H = 0.25 represent the wave height. The surface
Γ denotes the interface between the two components, Γ1 and Γ2 are the surfaces at the
boundary of the unit cell Y, (see Figure 5.3).
The piezocomposite is made of the piezoelectric material PZT-7A with symmetry 6mm
and the other component is Epoxy. The mechanical properties of the elements are
reported in [5], see Table 5.5.
In Figure 5.4, a comparison of the effective coefficients Ĉ1111, Ĉ1313, ê113, ê322, κ̂11, κ̂22
are shown. In order to illustrate the influence of the damage at the interface in the



















Figure 5.3: Wavy piezocomposite with imperfect contact at the interface.
efficients with perfect contact at the interface. For this example, the imperfect interface
mechanical behavior matrix K is represented as a diagonal matrix. The values in the
diagonal are given by, K11, K22, K33, respectively. The figure illustrates the effective
coefficients considering imperfect contact for K11 = K22 = K33 and the parameter M
taking the values 1, 10 and 100 (constant values). The results are compared with the
perfect contact case is a limit case when the |K| → ∞ and |M | → ∞.
In order to highlight the influence of the wavy function in the effective properties
behavior, the effective coefficients were computed using the same contact conditions
for the case of H = 0, i.e. ϱ(x1, x3) = x3, see Table 5.6. This limit case represents a
rectangular laminate composite where the layers are transversal to the x3 axis. As it
can be appreciated in Table 5.6 the effective coefficients for rectangular composites with
constant imperfect contact at the interface are constant functions. On the other hand,
the figure shows the influence of the geometry and the function ϱ (x1, x3) in the effective
properties. Describing a non-constant behavior and the dependence of the geometry in
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Table 5.5: Material properties of the composite constituents PZT-7A and Epoxy. The














Table 5.6: Effective coefficients Ĉ1111, Ĉ1313, ê113, ê322, κ̂11 and κ̂22 for a rectangular
piezocomposite considering imperfect contact at the interface.
Effective coefficient K = 1 K = 10 K = 100 Perfect contact
Ĉ1111 101.3797 102.9494 106.5473 108.0642
C1313 0.8755 4.1281 6.5684 6.9811
e113 0.2548 1.2016 1.9119 2.0321
e322 -0.5005 -0.4081 -0.3723 -0.3593
κ11 5.9068 5.6312 5.4244 5.3894
κ22 5.9068 5.6312 5.4244 5.3894
the effective coefficients.
The calculation of the effective coefficients shown in Figure 5.4 were made following
the methodology reported in Section 4.4. On the other hand for the perfect contact
case, the coefficients were computed using formulas reported in [22] for a flexoelectric
composite, considering the piezoelectricity as first order of the flexoelectricity.
Another important remark is the symmetry of the homogenized structure for this nu-
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Figure 5.4: Effective coefficients Ĉ1111, Ĉ1313, ê113, ê322, κ11 and κ22 for a wavy piezo-
composite considering imperfect contact at the interface.
merical example. As it was mentioned before, PZT-7A has a 6mm symmetry and the
Epoxy is a centrosymetric dielectric constituent with a cubic symmetry. Although,
the homogenized material exhibits a monoclinic symmetry of type 2, i.e. 13 elastic, 8
piezoelectric and 4 dielectric linearly independent components of the tensors Ĉ, ê and
κ̂ respectively.
5.5 Elastic rectangular composite with a crack at the interface
The formulation and the methodology described for a piezoelectric composite in Section
4.4 can be adapted to the case of elastic composite materials, [19]. To validate the
model, a three-dimensional elastic laminate shell composite with a crack at the interface
are studied. The composite is made of aluminum and stainless steel, with Young’s





Figure 5.5: Laminate elastic composite with cracks at the interface.
The volume fraction for aluminum is V1 = 0, 8 and for stainless steel is V1 = 0, 2.
The layers are periodically distributing along x3 and the properties of the materials
are constant along x2, see Figure 5.5. The periodic cell Y with the crack is compose
by two main components Y1 and Y2. The interface between the layers is denoted by
Γ = Γ1 ∪ Γ2 = [0, 1]. In order to study the influence of the cracks in the effective
properties, the spring type imperfect contact condition is considered at Γ1 = [0, 0.2]
(crack) and perfect contact on the rest of the interface, Γ2 = (0.2, 1].
The layers Ya are assume isotropic materials for a = 1, 2. For the points in Γ, the
matrix K characterized the spring type imperfect contact at Γ1. It has the expression
K = [Kij] = [40µδij+40(λ+µ)δi3δj3], where δij is the Kronecker delta, µ = 0.5µ1+0.5µ2,
λ = 0.5λ1+0.5λ2; µ1, λ1 and µ2, µ2, λ2 are the Lame’s constant of the elements Y1 and
Y2 respectively. In Γ2, perfect contact condition is considered, i.e. |Kij| → ∞.
In Table 5.7 and Table 5.8, a comparison between the effective coefficients obtained
using the asymptotic homogenization method (AHM) and with the results computed
by finite elements method (FEM) is shown. For the AHM results, the computation
is made using the methodology described in Section 4.4 for elastic composite. On the
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Table 5.7: Effective coefficients Ĉ1111, Ĉ3333, Ĉ1122 for an elastic composite with crack
at the interface.
Ĉ Ĉ1111 Ĉ3333 Ĉ1122
Interval Γ1 Γ2 Γ1 Γ2 Γ1 Γ2
AHM 155.4646 192.8182 3.5191 163.4246 49.2677 86.6213
FEM 155.5800 192.8400 5.3548 163.4300 49.6000 86.6460
Table 5.8: Effective coefficients Ĉ1133, Ĉ2323, Ĉ1212 for an elastic composite with crack
at the interface.
Ĉ Ĉ1133 Ĉ2323 Ĉ1212
Interval Γ1 Γ2 Γ1 Γ2 Γ1 Γ2
AHM 2.3111 78.9557 1.2848 39.9437 53.0984 53.0984
FEM 2.5894 79.0110 1.3174 39.9760 52.9920 53.0980
other hand, the FEM results are derived from the detailed description given in [8]. A
good coincidence between the solutions is appreciated.
5.6 Elastic composite with non-uniform imperfect contact
In contrast to the composite presented in subsection 5.5, here an elastic composite with
non-uniform imperfect contact condition is considered. The structure has the same
elements, distribution of the layers and volume fraction that the composite material
mentioned in subsection 5.5. However, for the new structure the imperfect contact
matrix is characterized by a function τ(y1).
In Figure 5.6, a three-dimensional elastic structure and a two-dimensional representa-
tion of its unit cell are shown. The interface between the layers is given by Γ = Γ1∪Γ2,































Figure 5.6: Elastic composite with non-uniform imperfect contact at the interface.
region Γ1 and a perfect contact between the constituents in Γ2 are considered.
For this example, the spring stiffness matrix K = 1
τ(y1)
K0, where K0 is a constant
matrix and the function τ is a specimen geometry dependent function of the crack




(y1 − γ1)2IΓ1(y1), (5.1)
where α = τ(0) is the maximum distance between Y1 and Y2, IΓ1(y1) = 1 if y1 ∈ Γ1 and
IΓ1(y1) = 0 if y1 ∈ Γ2.
In this numerical example, the matrix K for the structure described in Figure 5.6, has




[µδij + (λ+ µ)δi3δj3], (5.2)
where µ and λ are given in subsection 5.5; δij is the Kronecker delta.
In Figure 5.7, a comparison between the effective coefficients Ĉ1111, Ĉ1122, Ĉ3333, Ĉ1313 of
an elastic composite with non-uniform imperfect contact at the interface and different
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Figure 5.7: Effective coefficients Ĉ1111, Ĉ1122, Ĉ3333, Ĉ1313 of an elastic composite with
non-uniform imperfect contact at the interface and different values of the parameter γ1.
values of the parameter γ1 is shown. The influence of the imperfection is appreciated
when Γ1 change in the interval (0, 1). The figure illustrates the weakening of the effective
properties of the elastic composite in the region γ1, associated to the imperfect contact
at the interface.
5.7 Piezoelectric composite with non-uniform imperfect contact at the interface.
In this section a multilayered piezocomposite with non-uniform imperfect contact at the
interface is studied. The constituents of the composite are PZT-7A and Epoxy with
the same volume fraction; the elastic and electric properties are given in Table 5.5.
Similar to what was studied in subsection 5.6, the matrix that characterize the imperfect
contact depends on a function τ . The Figure 5.8 shows the geometry of the composite
and the periodicity cell Y. As can be seen, a discontinuity appears at the interface
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Figure 5.8: Piezoelectric composite with non-uniform imperfect contact at the interface
function τ takes the form
τ(y1) = α(y1 − 0.4)2(y1 − 0.6)2, (5.3)
where α > 0 is used to describe the thickness of the imperfection. For the rest of the
interface, perfect contact conditions are considered.
In Figure 5.9, the effective coefficients Ĉ1111, Ĉ1313, ê113, ê322, κ̂11 and κ̂33 of a piezo-
composite with non-uniform imperfect contact are shown, taking different values of the
parameter α. The influence of imperfect contact can be seen in the interval I, which
depends on the value of the parameter α. On the other hand, the effective coefficients
maintain a constant behavior outside the interval I, that is, where there is perfect con-
tact at the interface. The behavior at the region [0, 1]\I is consistent with that reported
[6] for piezoelectric laminates with perfect contact.
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Figure 5.9: Effective coefficient Ĉ1111, Ĉ1313, ê113, ê322, κ̂11 and κ̂33 of a piezocomposite
with non-uniform imperfect contact
5.8 Homogenization in piezocomposite with fibrous cell
In this section, the model for multilayered piezocomposite described in subsection 4.4
is applied to a laminated composite reinforced with fibers. The structure has two
constituents, one of the layers is a fibrous material with a matrix of PZT-7A and
a reinforcement fiber of Barium titanate; the second constituents is a homogeneous
Barium Titanate layer, see Figure 5.10. The properties of the materials are shown in
Table 5.9, taken from [27].
For the analysis of the microstructure, a periodic cell formed by a rectangular section
of dimensions 1.4 × 1 is taken, cell 1. In the center of the rectangle, there is a square
cell of dimensions 1×1 that constitutes the layer with fibrous reinforcement, where the
matrix occupies a volume V1 and the fiber a volume V2, V1 + V2 = 1, cell 2. The rest of




















Figure 5.10: Multilayered piezocomposite with fibrous reinforcement in the layers
Table 5.9: Material properties of the composite constituents Barium titanate and PZT-
7A. The elastic properties, piezoelectric constants and permittivity are given in GPa,
C/m2, nC/Vm, respectively.













To determine the effective properties of said structure, the methodology described in [16]
and [17] for piezoelectric fibrous composite is combined with the methodology presented
in subsection 4.4. In [16], the authors give the steps to determine the effective properties
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AHM fibrous composite AHM multilayered composite
cell 2
cell 1
Figure 5.11: Double homogenization steps for a multilayered composite with fibrous
reinforcement.
of fibrous materials with a rhombic periodic cell. As a first step, the effective properties
of cell 2, reinforced layer, are determined considering the angle θ of the rhombus is equal
to 90o, and taking into account, different values for the volume of the fiber, considering
the cases V2 = [.1, .2, .3, .4, .5, .6, .7]. Once the reinforced constituent is homogenized,
the method described in subsection 4.4 for laminated composites is used to derive the
effective properties over cell 1, where one of the layers has the properties obtained by
the method described in [16], see Figure 5.11. The effective coefficients of the composite
described in Figure 5.10 are shown in Table 5.10 for the different values of V2. Note
that the homogenized medium has a transversely isotropic symmetry.
This idea makes it possible to determine the effective properties of different structures
by combining the results of various authors. It opens up a myriad of possibilities to
study more complex structures such as composite reinforced with wavy fibers and with
different orientations between the layers.
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Table 5.10: Effective coefficients of a piezocomposite with fibrous cell reinforcement for
different volume of the fiber.
V2 = 0.1 V2 = 0.2 V2 = 0.3 V2 = 0.4 V2 = 0.5 V2 = 0.6 V2 = 0.7
Ĉ11 154.68 154.12 153.58 153.07 152.58 152.11 151.64
Ĉ12 79.49 77.93 76.37 74.82 73.27 71.73 70.20
Ĉ13 75.98 74.75 73.54 72.37 71.23 70.11 69.03
Ĉ33 132.59 133.93 135.30 136.69 138.11 139.55 141.01
Ĉ44 33.52 34.60 35.69 36.81 37.94 39.09 40.27
Ĉ66 37.59 38.06 38.54 39.03 39.54 40.07 40.62
ê31 -2.84 -3.04 -3.23 -3.41 -3.58 -3.74 -3.90
ê33 11.28 12.07 12.82 13.55 14.25 14.92 15.57
ê15 10.87 10.97 11.05 11.13 11.20 11.26 11.31
κ̂11 9.81 10.09 10.39 10.69 11.01 11.34 11.69
κ̂33 9.41 9.85 10.35 10.90 11.50 12.14 12.83
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CHAPTER 6: CONCLUSIONS
In this dissertation, the mathematical framework to model a flexoelectric medium with
generalized periodicity was presented. The equilibrium problem for a flexoelectric struc-
ture is derived for the case of three-dimensional solid. The symmetry of the flexoelectric
tensor is taken into account, as a low symmetry tensor, due to the gradient term of its
definition. Furthermore, the matrix representation and symmetry of the flexoelectric
tensor are provided. In addition, a methodology to compute the effective coefficients
of composite is provided using the two-scales asymptotic homogenization method. The
manuscript offers a detailed description to solve the local problems for stratified struc-
ture considering different contact conditions at the interface. Analytical expressions of
the effective coefficients of one-dimensional media and non-wavy laminates were given.
The validation with the results reported in the literature for piezoelectric materials
provides reliability to extend the two scales asymptotic homogenization method to the
case of flexoelectric composites.
The effective coefficients reported in [42] and [33] for piezoelectric composite are com-
puted here as particular cases of both the present model and the finite element method.
In addition, the influence of the flexoelectric parameter on the global behavior of com-
posites has been studied. The effective properties of three bi-materials (composites)
made by combinations of BaTiO3, SrTiO3, PVDF, a soft non-piezoelectric Polymer
and PZT-7A have been obtained. The influence of the flexoelectric parameter (µ) on
the effective stress and electric displacement is shown. A comparison between the effec-
tive properties of a rectangular and a wavy media provides important outcomes about
the behavior of the coefficients of the homogenized problem. In the case of rectangular
multi-layered composites, the global properties are constant throughout the structure,
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however, in the case of wavy structures, the average properties are continuous functions
that depend on the stratifying function. The numerical results yield information about
the flexoelectric effect for future research, as well as its applications, for example, in
the regeneration of bone tissues.
The presented methodology is an extension of the procedures described in previous
mentioned works to flexoelectric composites with perfect contact at the interface. It
can be extended to other types of composite with different interface contact conditions.
Several applications in engineering, biomechanics can be considered due to the broad
spectrum of composites covered by the present approach.
6.1 Outlook
• Presentation of the mathematical framework to study flexoelectric medium with
generalized periodicity
• Obtaining the explicit expressions of the local problems, effective coefficients and
homogenized equilibrium equations of flexoelectric composite.
• Description of a methodology to solve the local problem of stratified three and
one dimensional flexoelectric structures.
• Presentation of closed formulas for the effective coefficients of no-wavy flexoelec-
tric multilayered composite with cubic symmetric constituents.
• Application of the methodology to the case of piezocomposite with generalized
periodicity and imperfect contact at the interface.
• Validation of the obtained formulas with the results reported in the literature for
piezoelectric and flexoelectric composite.
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• Use of the equations obtained to analyze the influence of the contact at the inter-
face on the effective properties.
• Combination of the presented methodology and the fibrous composite method-
ology to analyze the case of piezocomposites with fiber-reinforced layers is illus-
trated.
6.2 Recommendations
• Extension of the methodology to the case of magneto-flexo-electro-elastic com-
posite.
• Study of the case of flexoelectric structures with homogeneous and non-homogeneous
imperfect contact at the interface.
• Application of the methodology to study tissues and bones as flexoelectric media.
• Use the results obtained in composites of solid and fluid materials.
• Investigate the location of damage to structures from their effective coefficients.
• Use the results to improve numerical methods to approximate effective properties.
• Find solutions of the homogenized problem of flexoelectric composites in terms of
their effective coefficients.
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APPENDIX A: FLEXOELECTRIC TENSOR
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The ambiguity in the definition of the flexoelectric tensor has led several authors to
adopt different constitutive equations and therefore different versions of the flexoelectric
tensor have been studied [52]. But all authors agree that the flexoelectric tensor is a low
symmetry fourth-order tensor [48]. The general expression of the flexoelectric tensor
has 54 linearly independent components. This leads to consider a symmetry of the
tensor with respect to two of the indices, in this work we have assumed µijkl = µikjl,
the same symmetry is taken in [41].
The equilibrium equations (2.9)-(2.13) are reported in [41] for a flexoelectric structure,
where the tensor µ is combined from the direct and converse flexoelectric tensors [46].
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σ6×1 = [σ11, σ22, σ33, σ23, σ13, σ12]
T , D3×1 = [D1, D2, D3]
T ,
ϵ6×1 = [ϵ11, ϵ22, ϵ33, 2ϵ23, 2ϵ13, 2ϵ12]
T , E3×1 = [E1, E2, E3]
T ,
∇ϵ18×1 = [ϵ11,1, ϵ22,1, ϵ33,1, 2ϵ23,1, ..., 2ϵ12,3]T , ∇E9×1 = [E1,1, E2,1, E3,1, ..., E3,3]T .
The matrices C6×6, e3×6 and κ3×3 are the classical matrices of the elastic, piezoelectric
and permittivity tensors respectively [45]. Finally, the flexoelectric matrices µ3×18, µ6×9
are deduced following the approach described in [48] and yields
µ3×18 = [µin], i = 1, 2, 3; n = 1, 2, 3, ..., 18, (A.2)
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where n = 1, 2, 3, ..., 18 refers to the combinations of the indexes jkl = 111, 221, 331,
231, 131, 121, 112 ,..., 123, i.e. µin = µijkl as follows
µin n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9
i = 1 µ1111 µ1221 µ1331 µ1231 µ1131 µ1121 µ1112 µ1222 µ1332
i = 2 µ2111 µ2221 µ2331 µ2231 µ2131 µ2121 µ2112 µ2222 µ2332
i = 3 µ3111 µ3221 µ3331 µ3231 µ3131 µ3121 µ3112 µ3222 µ3332
µin n = 10 n = 11 n = 12 n = 13 n = 14 n = 15 n = 16 n = 17 n = 18
i = 1 µ1232 µ1132 µ1122 µ1113 µ1223 µ1333 µ1233 µ1133 µ1123
i = 2 µ2232 µ2132 µ2122 µ2113 µ2223 µ2333 µ2233 µ2133 µ2123
i = 3 µ3232 µ3132 µ3122 µ3113 µ3223 µ3333 µ3233 µ3133 µ3123

















On the other hand, the matrix µ6×9 has the form
µ6×9 = [µpq]
T , q = 1, 2, 3, 4, 5, 6; p = 1, 2, 3, ..., 9, (A.4)
where q = 1, 2, 3, 4, 5, 6 refers to the middle indexes jk = 11, 22, 33, 23, 13, 12 and p =
1, 2, 3, 4, ..., 9 refers to all possible combinations of the outer indexes il = 11, 21, 31, 12, 22, 32, 13, 23, 33,
i.e. µpq = µijkl as follows
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[µpq]
T p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8 p = 9
q = 1 µ1111 µ2111 µ3111 µ1112 µ2112 µ3112 µ1113 µ2113 µ3113
q = 2 µ1221 µ2221 µ3221 µ1222 µ2222 µ3222 µ1223 µ2223 µ3223
q = 3 µ1331 µ2331 µ3331 µ1332 µ2332 µ3332 µ1333 µ2333 µ3333
q = 4 µ1231 µ2231 µ3231 µ1232 µ2232 µ3232 µ1233 µ2233 µ3233
q = 5 µ1131 µ2131 µ3131 µ1132 µ2132 µ3132 µ1133 µ2133 µ3133
q = 6 µ1121 µ2121 µ3121 µ1122 µ2122 µ3122 µ1123 µ2123 µ3123

















In the case of flexoelectric materials with cubic and tetragonal (4̄2m) symmetries, [41],
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[48], the matrix µ6×9 has the forms
Cubic: µ6×9 =

µ11 0 0 0 µ15 0 0 0 µ15
µ15 0 0 0 µ11 0 0 0 µ15
µ15 0 0 0 µ15 0 0 0 µ11
0 0 0 0 0 µ46 0 µ46 0
0 0 µ46 0 0 0 µ46 0 0
0 µ46 0 µ46 0 0 0 0 0

, (A.6)
Tetragonal 4̄2m: µ6×9 =

µ11 0 0 0 µ15 0 0 0 µ19
µ15 0 0 0 µ11 0 0 0 µ19
µ31 0 0 0 µ31 0 0 0 µ39
0 0 0 0 0 µ46 0 µ48 0
0 0 µ46 0 0 0 µ48 0 0
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ij (x,y) + εσ
(1)
ij (x,y) + ε
2σ
(2)






















i (x,y) + εD
(1)
i (x,y) + ε
2D
(2)
























ϕ(0) + εϕ(1) + ε2ϕ(2) + ...
)
. (B.2)
Grouping by power of ε in the right-hand sides of (B.1)-(B.2) and considering the above
mentioned total derivative operator, yields
σ
(0)
ij (x,y) + εσ
(1)
ij (x,y) + ε
2σ
(2)






























































i (x,y) + εD
(1)
i (x,y) + ε
2D
(2)




























































































... = 0 (B.6)
Substituting (3.14)-(3.15) into (3.12)-(3.13) and regrouping in terms of the derivatives








































































































































Now, the asymptotic expansions (3.1)-(3.4) are substituted into the interface conditions























Moreover, the equations (3.14)-(3.15) are substituted into (3.6)-(3.7), and the resulting
expressions in terms of the local functions N(n), Π(n), Ψ(n) and Θ(n) are replaced in
(B.11).





m , Θ(2)mn, Π(1)kl , Π
(2)
lmk are obtained from the first two equations of (B.11) for













































and the remaining two equations of (B.11), for n = 0
[[(










































































APPENDIX C: EXISTENCE AND UNIQUENESS OF THE
SOLUTION OF THE LOCAL PROBLEMS
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Let’s assume that Ω ⊂ R3 is a three-dimensional open connected bounded domain with
an infinitely smooth boundary ∂Ω. The material functions are supposed to be infinitely
differentiable, rapidly oscillating and εY-periodic in the local variable y = ϱ(x)/ε where
ε > 0 is the usual small geometric parameter, and Y is the so-called periodic cell. For
each x = (x1, x2, x3) ∈ Ω the material functions are defined as the following ε−family
of functions:
C ≡ C (x,y) , e ≡ e (x,y) , κ ≡ κ (x,y) , µ ≡ µ (x,y) .
The material functions satisfy the usual symmetry conditions given by (2.17). Let’s
consider the system of equations (3.21) and (3.23) for each value of m,n = 1, 2, 3. The




























ϱr,lC1j1lϱt,j ϱr,lC1j2lϱt,j ϱr,lC1j3lϱt,j ϱt,jel1jϱr,l
ϱr,lC2j1lϱt,j ϱr,lC2j2lϱt,j ϱr,lC2j3lϱt,j ϱt,jel2jϱr,l
ϱr,lC3j1lϱt,j ϱr,lC3j2lϱt,j ϱr,lC3j3lϱt,j ϱt,jel3jϱr,l





ϱt,jC1jmn ϱt,jC2jmn ϱt,jC3jmn ϱt,jejmn
]T
.
Besides, we make the further assumption that there exist a constant ξ > 0 such that,
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for any vector a = (a1, a2, a3), and any third-order symmetric matrix M = (Mij)
CijklMijMkl ≥ ξMijMij, κijaiaj ≥ ξaiai.




















where ξ1 > 0 and {•, •} denotes the scalar product. Under the assumption that
⟨∂bt/∂yt⟩ = 0, the Theorem 1, p. 346 of [1] guarantee the existence of a general
solution in the form,
N = N0 + c,
where ⟨N0⟩ = 0. On the other hand, considering the condition ⟨N⟩ = 0, it turns out
that c ≡ 0, and the solution of the problem is unique, see Proposition 1 [50].
Following a similar idea, the existence and uniqueness of the solution of the LQ and
PR problems can be proved.
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